Abstract. An operator multivariate moment problem with contractive solutions having regular unitary dilation is characterized in terms of the initial data. This extends a recent result of Sebestyén and Popovici, but the ideas of our proof differ from those used by them. The connection between the operator multivariate moment problem and harmonizable multivariate discrete processes is mentioned. For n ∈ Z, we set n + = max{n, 0} and n − = − min{n, 0}. Given m ∈ Z[Ω], we denote by m + , m − ∈ Z[Ω] + the positive and the negative parts of m, i.e.,
From now on D stands for a complex inner product space and H for a complex Hilbert space. Let us denote by L(D, H) (resp. B(D, H)) the set of all linear (resp. bounded linear) operators from D to H. For simplicity we write B(H) instead of B(H, H); I D stands for the identity operator on D. For T ∈ L(D, H), we set R(T ) = T (D).
Let Z stand for the additive group of all integers. Assume that Ω is a nonempty set. Denote by Z[Ω] the group which is the direct sum of card(Ω) copies of the additive group Z; that is, Z and set e α = e {α} for α ∈ Ω. Let T = {T α } α∈Ω ⊂ B(H) be a family of commuting operators. Set
We say that T has a unitary dilation if there exists a complex Hilbert space K ⊃ H (isometric embedding) and a family U = {U α } α∈Ω ⊂ B(K) of commuting unitary operators such that
where P is the orthogonal projection of K onto H. If moreover
then we say that T has a regular unitary dilation. Regular dilations were introduced by Brehmer [1] . Let us recall that this type of dilations has been studied in [19, 7, 2, 3, 5, 6, 21, 4, 10, 11, 12] . Let X be an arbitrary nonempty set. An operator moment problem considered in this paper entails determining whether, for a given family {A
of operators, there exists a family T = {T α } α∈Ω ⊂ B(H) of commuting contractions having a regular unitary dilation and such that
The moment problem (1) has been considered and solved by Popovici [12] (see also [11] for the vector case) in the case that the operator data {A [15, 16, 4, 17] in the case in which card(X) = 1). The multidimensional vector moment problem with card(X) = 1 has been solved by Z. Sebestyén and Popovici in [13] . By contrast to the method used in [12] , which relies on the results of [15, 4] and does not seem to be easily generalizable to the case of an arbitrary family of operators, our technique (cf. proof of Theorem 4) enables us to fully solve problem (1) .
It turns out that the moment problem (1) [12] ; see also [9, 8] for more details). Hence, if our problem attached to the family {A The following lemma characterizes families of operators having regular unitary dilations.
Lemma 1 ([1]
; see also [7, 20] 
(c) for any finite subset u of Ω and for any vector f ∈ H the following inequality holds:
where |v| denotes the number of elements of v.
Given a family {A
The next lemma is an extension of [17, Theorem 3.1] and [8, Lemma 4 ] to the arbitrary nonempty index set X. It may be proved in a similar way as [8, Lemma 4] . However, for the convenience of the reader, we give the proof of this lemma for our case.
⊆ L(D, H). Then for every α ∈ Ω the following conditions are equivalent: (i) there exists a contraction T α ∈ B(H) such that
(ii) for any integer c 1 and for all maps
Moreover, if any of the conditions (ii), (ii ), (iii) holds for every α ∈ Ω, then there exists a family {T α } α∈Ω ⊂ B(H) of commuting contractions satisfying (2).
Proof. (i)⇒(ii). Let T α ∈ B(H) be a contraction satisfying (2). Since the map
The condition (b) is equivalent to requiring that the form ω :
is positive definite on (Z, +) (see [20, I.8 .1]), for a fixed integer c 1 and maps
The implication (ii)⇒(ii ) is obvious.
(ii )⇒(iii). The inequality (3) can be rewritten in the following form:
where
A short computation shows that g 1 = −ĝ 2 . This and (5) yield ĝ 2 2 g 2 2 , which implies (4).
(iii)⇒(i). By virtue of (iii) there exists a unique contraction
Then T α is a contraction, which satisfies (2). Moreover, if this is done for every α ∈ Ω, then the operators T α , α ∈ Ω, commute. This completes the proof. 
3.
We are now ready to prove the main result of the paper. 
0.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Before going to the proof, it is worth noting that the above theorem extends [12, Theorem 3.1], but the ideas of our proof differ from those used by Popovici.
Proof. (i)⇒(ii). Take
Applying the implication (a)⇒(b) of Lemma 1 and using (1) we get
(
ii)⇒(i). Take α ∈ Ω and h
Hence, by (ii), we get Applying the implication (a)⇒(c) of Lemma 1 and using (1) we get
According to Lemma 2 there exists a family T = { T α } α∈Ω ⊂ B(H
(iii)⇒(i). Take α ∈ Ω. It follows from (iii) with u df = {α} that the condition (iii) of Lemma 2 holds. Hence, by Lemma 2, there exists a unique family
Arguing as in the proof of the implication (i)⇒(iii) we show that for any finite subset u of Ω and for any vector f ∈ R A the following inequality holds:
Exploiting the continuity of T α and applying the implication (c)⇒(a) of Lemma 1 we deduce that the family T has a regular unitary dilation. As a consequence, the family It turns out that Corollaries 9 and 10 of [8] , with the appropriate changes, are also valid in the case of the regular dilation. Comparing it to our condition (ii) of Theorem 4 (with card(X) = 1), it is evident that the condition (ii) of Theorem 4 implies (ii ).
